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[8]
Definition 1 ( ) 4 $M=(K, \Sigma, \delta, S)$ $I_{\acute{1}^{r}}$
, $s$ $s\in K$ $\Sigma$
$K\cap\Sigma=\emptyset$ $\Sigma$
$\mathrm{u},$ $\triangleright$ \mbox{\boldmath $\delta$} $K\cross\Sigma$ ( $K\mathrm{U}\{$ “$\mathrm{y}\mathrm{e}\mathrm{s}’$’, “no” $\}$ ) $\mathrm{x}\Sigma\cross\{arrow, arrow,-\}$
$\delta$ \mbox{\boldmath $\delta$}(q, $\triangleright$ ). $=(p, q, D)$ $\rho=\triangleright$
$D=arrow$
“yes” “no” informal $arrow,$ $arrow$
$-$ –












Definition 2 configuration 3 $(q, w, u)$ $\circ$ $q\in(K\cup\{" \mathrm{y}\mathrm{e}\mathrm{s}’’, " \mathrm{n}\mathrm{o}^{;\prime}\})$
$w,$ $u\in\Sigma^{*}$
Definition 3 configuration $(q, w, u)$ $(q’, w”, u)$ one-step $((q, w, u)arrow M(q’, w”, u)$
) :
$\sigma$ $w$ $\delta(q, \sigma)=(p, \rho, D)$ $q’=p$




$\in\Sigma^{*}$ $D=arrow$ $w’$ $w$ $\sigma$ $\in\Sigma^{*}$ $u’$
$u$ $\rho$
$\in\Sigma^{*}$ $D=–$ $w’$ $w$ \mbox{\boldmath $\sigma$} $\rho$
$\in\Sigma^{*}$ $u’=u$
$-$ configuration $(q, w, u)$ one-step
1
configuration k-step \rightarrow reflexive transitive closure $M^{*}arrow$
Definition 4( ) 4 $N=(I\{’, \Sigma, \delta, S)$ $N=$




configuration $(q, w, u)$ one-step
$k\geq 0$
configuration $(q, w, u)$ one-step $k$
$k$-tape $\delta$ $\delta:K\cross\Sigma^{k}arrow(K\cup$
$\{" \mathrm{y}\mathrm{e}\mathrm{s}’’, " \mathrm{n}\mathrm{o}’’\}$) $\cross(\Sigma\cross\{arrow, arrow, -\})^{k}$ $k$-tape
configuration $(q, w_{1}, u_{1}, \ldots, w_{k}, uk)$ (
$q\in I\mathrm{s}^{\nearrow}\mathrm{U}\{" \mathrm{y}\mathrm{e}\mathrm{S}^{\prime\prime(}, ‘ \mathrm{n}\mathrm{o}\}\prime\prime$ $w_{1},$ $u_{1},$ $\ldots,$ $w_{k},$
$u_{k}\in\Sigma^{*}$ ) $0$
Definition 5 $f$ $\mathrm{N}$ $\mathrm{N}$ $M$ operating within
time $f(n)$ input $x$ $M$ f( )
configuration $(S, X, \in \mathrm{i})$ $f(n)$ $(” \mathrm{y}\mathrm{e}\mathrm{s}’’, w, u)$ $(” \mathrm{n}\mathrm{o}’’, w, u)$
configuration A
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$L\in \mathrm{T}\mathrm{I}\mathrm{M}\mathrm{E}(f(n))$ $k>1$ operating within time $f(n)$
$k$-tape $M$ $M$ $L\subseteq\Sigma^{*}$
$L\in \mathrm{N}\mathrm{T}\mathrm{I}\mathrm{M}\mathrm{E}(f(n))$
Definition 6 $M$ $x$
$(s, \triangleright, X, \triangleright, \mathit{6}, \ldots, \triangleright, \epsilon \mathrm{i})M^{*}arrow(H, w_{\iota}, u_{1}, w_{2}, u_{2}, \ldots, wk, u_{k})$ ( $H\ni\{$ “$\mathrm{y}\mathrm{e}\mathrm{s}^{\prime\prime(},‘ \mathrm{n}\mathrm{o}’’\}$)
space required by $M$ on input $x$ \Sigma j$=1|w_{i}u_{i}|$ $f$
$\mathrm{N}$ $\mathrm{N}$ $-$ $M$ operating withing space bound
$f(n)$ $x$ space required by $M$ on input $x$ $f(|X|)$
$L\in \mathrm{S}\mathrm{P}\mathrm{A}\mathrm{c}\mathrm{E}(f(n))$ $k>1$ operating within space bound $f(n)$









Definition 8 $L_{1}$ $L_{2}$ (p-time) reducible $\Sigma^{*}$ $\Sigma^{*}$
$R$ TIME$(n^{i})$ for some $i$ computable
$x$
$x\in L_{1}$ iff $R(x)\in L_{2}$ .





$\Phi$ $Fma(\Phi)$ $\perp,$ $arrow$ , $\Phi$
$Sf(A)$ $A$ $|A|$ $A$
( $\Phi\cup\{\perp,$ $arrow$ , (, ), $\square \}$ )
Proposition 1 $A$ $||Sf(A)||$ $||Sf(A)||\leq|A|$
$A$
$M$ $M$ 2 $R$ $(M, R)$




S5 ) $A$ $2^{|A|}$
$A$ $R$ first order formula
$M$ $p(|A|)$ ($p$ )
NP (normal )
$\mathrm{N}\mathrm{P}-Complete$
NP (normal ) $\mathrm{N}\mathrm{P}$-complete
$M$ $||M||$
Proposition 2 $c$ $c’$ $A$
$||M||\leq|A|^{c}$ $(M, R)$ 2 $R,$ $=$ first order $\phi$
$P_{\phi}$ TIME$(|A|^{C’})$
$\phi$
$xRy$ $x=y$ $x,$ $y\in M$ $xRy$
$x=y$ $|A|^{2\mathrm{c}}$ $xRy$ $x=y$
$c’:=2c$ TIME$(|A|^{C’})$
$\phi$ $\neg\psi,$ $\psi_{1}\wedge\psi_{2},$ $\psi_{1}\psi_{2},$ $\psi_{1}arrow\psi_{2}$
$\phi$ $\forall x.\psi$ $\psi$ $\forall x.\psi$
$\phi$ $\exists x.\psi$ $\exists x$ . $\exists x\in M$ . $||M||\leq|A|^{c}$
$\exists x.\psi$ \psi
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$(M, R)$ $(\mathrm{M},\mathrm{R})$ $V$ $\Phi$ $2^{M}$ $V$
$M$ 2 $\vdash-$ $(M, R, |=)$
Proposition 3 $A$ $(M, R, \vdash-)$
$(M, R, V)\vdash-_{a}A$ $a\in M$ TIME$(||M||^{3}\cdot|A|)$
$(M, R, V)$ $A$ $M$ 2 $\models$
TIME$(||M||^{2}\cdot|A|)$






Theorem 1normal modal logic $L$ $L$
NP-complete : $c>0$
$\psi_{L}\neg A$ $\Leftrightarrow$ first-order formula
$F$
$||M||\leq|A|^{c}$ structure $(M, R, V)$
$a\in M$ $(M, R, V)|=_{a}A$
$\Leftrightarrow$
$|A|^{c}$ $|A|^{c}$
$|A|^{C}\cdot 2^{|A}|^{C}\cdot|A|^{C}$ $2^{|A|^{3\cdot c}}$
– $(M, R)$ $A$ $(M, R)$
2IIM (A)I $||M||\leq|A|^{c}$
$|Sf(A)|\leq|A|$ $2^{|A|^{c+1}}$ $A$ $(M, R)$
$A$ $(M, R)$ $V$ $(M, R, V)$ $A$
$R$
$\mathcal{F}$ first order formula $||M||\leq|A|^{c}$




$\mathrm{S}5[6],$ $\mathrm{S}4.3$ $[7],$ $\mathrm{K}45$ , $\mathrm{K}\mathrm{D}45[3]$
$A$ $A$
B $\leq Sub(A)\leq|A|$




S4.2 $\mathrm{S}4$ A $\supset$ A canonical model
reflexive: $\forall x.xRx$ .
transitive: $\forall x,$ $y,$ $z.(xRy\wedge yRzarrow xRz)$ .
weakly directed: $\forall x,$ $y,$ $z.(xRy\wedge xRzarrow\exists w.(yRw\wedge zRw)$ .
$-$
generated frame filtration method reflexive, transitive





2 QBF $[4, 8]$ $A$ $(A)^{\mathrm{o}}$
$()^{\mathrm{o}}$




QBF formula $A=Q_{1}p_{1}\ldots Q_{m}pmA’$ $(A)^{\mathrm{o}}$ $(A)^{\mathrm{o}}$
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$p_{1},$ $\ldots,p_{m},$ $d_{0,\ldots,1}dm+$ $(A)^{\mathrm{o}}$
depth $\mathrm{d}\mathrm{e}\mathrm{f}\equiv\bigwedge_{i=1}^{m+}(d_{i}1\supset d_{i-1})$ .
determined $\mathrm{d}\mathrm{e}\mathrm{f}\equiv\bigwedge_{i=1}^{m}$ $(d_{i}\supset((p_{i}\supset\square (d_{i}\wedge\neg d_{m+1}\supset p_{i}))$




$(\text{ }(di+1^{\wedge}\urcorner di+2\wedge pi+1)$
$\wedge\text{ }(d_{i}+1\wedge\neg di+2\wedge\neg p_{i+1})))$
$\{i|Q_{i+}\bigwedge_{1=}(\exists\}(d_{i}\wedge\neg d_{i1}+)\supset$
$(\text{ }(d_{i+1^{\wedge d)}}\neg i+2^{\wedge pi1}+$
$\vee\text{ }$ ( $di+1\wedge\urcorner d_{i}+2$ A $\neg p_{i+1}$ ) $))$ .
$(A)^{\mathrm{o}}$ :
$d_{0}\wedge\urcorner d_{1}\wedge\square (depth\wedge determined\wedge branChingA\wedge(d_{m}\wedge\neg d_{m+1}\supset A’))$ .
Theorem 2 2 $A$
QBF $|=A$ $\Leftrightarrow$ reflexive, transitive, directed
$\mathcal{F}$
$(M, R)$
valuation $V$ $s\in M$
$(M, R, V)\vdash-_{S}(A)^{\mathrm{o}}$ .
( $\Rightarrow$ )
$A=Q_{1}p_{1}\ldots Q_{m}p_{m}A’$ QBF $|=A$
1 2 reflexive transitive closure $(M, R)$
:
$M$ $\mathrm{R}$
$\forall x\in M.xR_{X}$ .
$\forall x,$ $y,$ $z\in M.(xRy\wedge yRzarrow xRz)$ .
$\forall x,$ $y\in M.(xRy\wedge yRxarrow x=y)$ .
$\forall u,$ $v\in\{y|yR^{-1}x\}\subseteq M.(uRv\vee vRu)$ .
$x$ succ $y^{\mathrm{d}\mathrm{e}\mathrm{f}}\equiv XRy\Lambda\forall z\in M.((xR_{Z}\wedge y\neq z\wedge x\neq z)arrow\chi_{ZRy))\wedge}\chi yR_{X})$.
$x$ succ $x1\wedge x$ succ $x2\wedge x$ succ $x3arrow(x1=x2x2=x3x3=x2)$ .
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$(M, R)$ $a\not\in M$ $a$
$\forall x,$ $y\in M\cup\{a\}.(xR\prime yrightarrow xRyy=a),$ $M’=M\cup\{a\}$ $(M’, R’)$
reflexive, transitive, directed $\mathcal{F}$
$(\dot{M}’, R’)$ $(M, R)$ $m$
$M$ root $r_{0}\in M$ “$i\leq i$ $j$ $d_{i}$ true $i\leq j$ $p_{i}$
$i$ true $j$ $p_{i}$ true, $i\leq j$ $p_{i}$ $i$ false
$j$ $p_{i}$ false” valuation $V$
$(M’, R’, V)|=_{r_{0}}(A)^{\mathrm{o}}$
$(M’, R’)$
QBF $|=Q_{1P}1\ldots QmpmA^{;}$ $Q_{1}p_{1}\ldots Q_{m}Pm\cdot A^{J}$
$\bullet$ \forall pi.B( ) $B[p_{i}/\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e}]/B$ $p_{i}/\mathrm{f}\mathrm{a}1_{\mathrm{S}}\mathrm{e}$].
$\bullet$ $\exists p_{i}.B(p_{i})$
QBF $|=B\mathrm{r}p_{i}/\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e}$] $B[p_{i}/\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e}]$ ,
QBF $|=B\mathrm{r}p_{i}/\mathrm{f}\mathrm{a}1_{\mathrm{S}}\mathrm{e}$ ] $B[p_{i}/\mathrm{f}\mathrm{a}1_{\mathrm{S}}\mathrm{e}]$ .
$p_{i},$ $\ldots,p_{m}$ ( ) valuation
$Val=$ { $\rho_{i}|i\leq 2^{m},$ $\rho_{i}$ : $\{p_{1},$ $\ldots,p_{m}\}arrow\{\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e}$ , false}} $Valo\subseteq Val$
$\text{ }\bigwedge_{\rho}\in Val0A’\rho$ $A’\rho$ “ $-$
$p_{i}$
$\forall$ $i-1$ $i$ 2
$p_{i}$
$\exists$ $i-1$ $i$ 1
$(M, R)$ $m$ $p_{1},$ $\ldots,p_{m}$ valuation \rho \in Val0
valuation $V$ $(M’, R’, V’)$ root $r_{0}$
$(M’, R’, V)|=_{r_{0}}(A)^{\mathrm{o}}$
( $\Leftarrow$ )
reflexive, transitive, directed $\mathcal{F}$
$(M, R)$ valuation $V$ $r_{0}\in M$ $(M, R, V)\models_{r_{0}}(A)^{\mathrm{o}}$
$t$ $t\in M$ $A_{j}^{t}$ $Q_{j+1p_{j+}..Q_{m}A}1\cdot p_{m}.$’
$i<j$ $p_{i}$ $p_{i}\in V(t)$ $p_{i}=\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{e}$ $p_{i}\not\in V(t)$
$p_{i}=\mathrm{f}\mathrm{a}\mathrm{l}\mathrm{s}\mathrm{e}$ QBF $A_{0}^{t}=A$ $A_{m}^{t}$ $A’\text{ }$
$t$ valuation $p_{1},$ $\ldots,p_{m}$ ( ) valuation $\rho$
$A’\rho$ $(M, R, V)\models_{r_{0}}\square (d_{m}\supset A’)$ $r_{0}Rt$
$(M, R, V)\vdash-tdm$ $A_{m}^{t}$ true .
$j$ $r_{0}Rt$ $(MR, V):\vdash-tdm-j\wedge\neg dm-j+1$ QBF
$A_{m-j}^{t}$ true $(M, R, V)\vdash-r_{0}d_{0}\wedge\neg d_{1}$ $A_{0}^{S}=A$
true
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Theorem 3 S4.2 PSPACE-hard
4.2 S4.2 PSPACE
Theorem 4 S4.2 PSPACE
[10] Theorem 4.4. –
$A$
S4
$.2 \vdash A\Leftrightarrow \mathrm{S}4\vdash\bigwedge_{\square B\in sf(A)}(\text{ }B\supset\square \text{ }B)\supset A$
.
$||Sf(A)||\leq|A|$ $A$ B\in Sf(A)( B\supset B)\supset A
S4 PSPACE-complete S42 bf
PSPACE
3 4
Theorem 5 S4.2 PSPACE-complete
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